Abstract-Plane wave scattering by an infinite, two-dimensional wedge whose faces are characterized by impedance tensors is treated. A combination of the moment method (MM) and physical optics (PO) is used to obtain a solution for the equivalent electric currents; the equivalent magnetic currents are directly related to these electric currents by the impedance tensors. Sample results for wedges with isotropic and anisotropic face impedances are @resented.
INTRODUCTION
CATTERING by an infinite wedge is a canonical prob-S lem which is the subject of continuing investigations, both for its applications to problems of practical significance as well as for the intrinsic interest of the problem itself.
Exact analytical solutions to the electromagnetic problem exist for perfectly conducting wedges for arbitrary incidence angles and polarization [l] , [2] ; for wedges with scalar impedance boundary conditions for normally incident, arbitrarily polarized waves [3]; and for a select set of wedges with one face perfectly conducting and the other imperfectly conducting for arbitrary incidence and polarization [4]. The general problem of scattering of a plane wave of skew incidence and arbitrary polarization has not yet been solved exactly for wedges whose faces are characterized by arbitrary scalar impedances, let alone for wedges with arbitrary anisotropic (tensor) face impedances. It may be noted from Senior [5, ch. 51 that the latter problem has not been solved for the semi-infinite plane.
The lack of an analytical solution for the general problem of scattering by an infinite wedge with nonperfectly conducting faces ~t u r a U y leads one to seek a numerical solution. Burnside et al. [6] showed how a perfectly conducting infinite wedge could be handled through a combination of the moment method (MM) and geometrical theory of diffraction (GTD). (Hybrid techniques combining MM with physical optics currents have been employed in other problems as well, e.g., to treat large, finite, coated and uncoated bodies of revolution 
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In the following, an extension of the technique in [6] is employed to treat scattering by an infinite wedge having faces characterized by impedance tensors. The currents near the edge on each face are expanded with a set of basis functions consisting of pulse functions, defined on a meshed region, plus a function spanning the whole face. The currents outside the meshed region are taken to be the sum of the physical optics currents, taken to be known, plus the whole-face basis function current. Expressing the equivalent magnetic currents in terms of the electric currents through the impedance tensors, the expansion coefficients for the electric current expansion are determined through an MM solution of the magnetic field integral equation.
INTEGRAL EQUATION/MOMENT METHOD FORMULATION
The problem being treated here is illustrated in Fig. 1 . One has an infinite wedge upon which is incident a monochromatic plane wave with fields E(i), H(" and wave vector k") having magnitude k,; the implicit time dependence is exp (-iu,t). The edge of the wedge is parallel to the z-axis. The upper, lower faces-of the wedge are characterized by impedance tensors c, , cL, respectively, which are taken to be constants. Parameter s shown in the figure is the distance along a face from the edge; it is positive on the upper face, negative on the lower face. The wedge angle @ is taken to be no greater than 180'.
The impedance tensors provide a relation between the tangental electric and magnetic fields on a face. Normalized with respect to q,, the impedance of free space, these tensors are implicitly defined by relations of the form [9] In what follows the z-dependence of the various components will be suppressed, and quantities of the form ,! (p, 0) will simply be written as , ! (p). Furthermore, quantities which are defined only on the wedge faces (such as the surface currents) will be written in terms of the single scalar parameter s mentioned above in connection with Fig. 1 . The approach that will be taken here to solve the scattering problem is to apply M M to the magnetic field integral equation. One can apply the expression of Miller and Poggio [5, ch. 9, eq. (2) J to the present two-dimensional problem, noting that only the surface source terms are needed. Letting J, M, pw represent the equivalent electric current, magnetic current, and magnetic charge, respectively, on the surface of the wedge, the result for the total magnetic field is 2, when p lies on a wedge face (10) One must use the principal value of the integral when p lies on a wedge face. The equivalent surface currents are given by [ 111
where E,H are the total fields, and where U is the outward normal to the faces
The relation between the tangental fields given by (l), along with the relations between the equivalent currents and these fields given by (ll), (12) imply a relation between J and M. Defining the tensor one finds that
where
The surface magnetic charge can also be expressed in terms of the electric current. Starting with the continuity equation (15) and (18), respectively, are now employed in (6), yielding
(19)
A magnetic field integral equation for the electric current J is obtained from (19) in the usual manner [12] by allowing the field point p to approach the wedge surface and then by taking the cross product of the equation with the surface normal at the field point. The moment method is then applied to solve for J.
To obviate any guided wave considerations, henceforth it will be assumed that the impedance tensors characterizing the faces are such that either guided waves are not supported at all or they evanesce so rapidly that they may be ignored everywhere except in the immediate neighborhood of the edge. This last assumption is imposed mainly for simplicity. Although the present solution does not allow for guided wave modes, by using additional basis functions in the MM expansion these modes could be accommodated.
Construction of the solution proceeds in much the same manner as in [6]. On each face a neighborhood of the edge is meshed, and the current in this meshed region is expressed in terms of a set of pdse functions (see Fig. 2 ) plus a correction current whose domain is the entire face. In the region of each face outside the meshed region, denoted the physical optics region in Fig. 2 , the current is given by the physical optics current (which is computed a priori) plus the correction current. The pulse functions and the functional forms of the correction currents constitute the basis functions of the MM formulation, while the physical optics currents constitute part of the excitation.
In addition to the current pulses, taken to be N in number, it is useful to define a set of charge pulses which straddle the current pulses. These N + 1 charge pulses (the number of charge pulses exceeds the number of current pulses by one) are shown in Fig. 2 . The endpoints of the charge pulses are taken to be the centers of the current pulses, except that one charge pulse on each face has an endpoint that coincides with that of the current pulse at the physical optics region boundary. Although the magnetic charge does not explicitly appear in the integral equation under consideration, the charge pulses are used in numerical approximations of the gradient of the current required in the integrand (see [13] ).
The particular correction current basis function to be employed here is the functional form of @e component of the dillkction current normal to the edge for the case of scattering by a perfectly electrically conducting half-plane ("diffraction current" is the term used here for the current associated with *e diffracted field). This differs from the function employed in [6], exp(ik,,p)/&, although as p -P 00 these functions are asymptotically equal (apart from a multiplicative constant). The function used here was chosen over that employed in integrable charge distribution at the origin (by virtue of its p-derivative), whereas the latter can yield a nonintegrable distribution (and the evaluation of some of the needed integrals is simplified if the integration interval starts at the origin). Taking into account the difference in the present implicit time dependence from that assumed in 
where p is the distance from the edge along the face, where + is angle between the face and the projection of -k(') onto the xy-plane, viz.,
and where F+ is the Fresnel function 00 F + ( x ) = / e i t 2 d t .
X A few comments regarding the fd function are in order. From preceding remarks it can be seen that fd will be of order p -' 1' as p + 00, hence the solution to be obtained here will be accurate to an order no greater than p-'/' at large distances p from the edge. Ry comparison, the diffraction currents for normally incident waves on perfectly conducting wedges vary as p -' 1' for large p for H-polarization (H-field parallel to edge), and as p -3 / 2 for E-polarization [14] . By using expansions with additional functions whose asymptotic behavior in p is of higher order than p-'/' one should be able to increase the accuracy of the solution. It should also be noted that the fd function could not serve as a basis for guided wave modes on an impedance face. This is because at large distances from the edge fd exhibits a magnitude dependence on p and a propagation constant that differ markedly from those which would be exhibited by such modes.
The expansion one employs for the equivalent electric current on the wedge surface can now be written explicitly as Here the a, are the unknown electric current amplitude vectors, Jm) is the physical optics electric current, the U, are pulse functions of unit amplitude, and U, is the unit step function. Parameters d,, dL are the widths of the upper, lower meshed face regions, respectively (see Fig. 2 ).
The testing functions used to obtain moment method equations are the unit pulse basic functions U,, n = l , . . . , N, plus (as in [6]) two supljlementary unit pulse functions defined on the upper, lower faces, respectively, some distance outside the meshed regions (see Fig. 2 ). Although one could conceivably use two fd functions for testing functions instead of the two supplementary pulse functions, the use of pulse functions considerably simplifies the computations.
It was found that accuracy was enhanced by using non-uniform pulse widths in the neighborhood of the edge. In particular, the endpoints for the first Ne current pulses (typically five) on either side of the edge were located at s = *As(m/N,)', m = 0 , 1 , . * * , Ne, where As is the width of the uniform pulses away from the edge. Choosing the near-edge pulse widths in this manner tends to equalize the moment (i.e., integral) of the currents over these pulses for the highest order of singularity one finds in the currents near a two-dimensional edge, a singularity of order 1 s 1 (obtained from (11) and (12) and the edge conditions on electromagnetic fields [2, sec. 9.21, where the highest order singdarity is seen to be I sl -I/').
A significant characteristic of the present technique for treating the infinite two-dimensional wedge, in contrast to the situation that typically obtains for problems with finite scatterers, is that the M M impedance matrix, and hence its inverse, must in general be recomputed for every incidence angle at a given frequency. This is a consequence of the fact that here the matrix elements are functions of incident wave vector component k,, which in general will change with incidence angle; by contrast, for problems involving finite scatterers the basis functions, and hence the impedance matrix elements, are usually independent of the incidence direction.
RESULTS
The computer code used to perform the computations needed to obtain a solution by the technique presented here was tested on a number of different wedges, both perfectly conducting and with surface impedances, for which exact The numerical solution employed a current pulse mesh which extended approximately 3-1 /3 wavelengths from the edge on both faces. The width of the current pulses was a uniform 1 /2O of a wavelength, except that the first five pulses adjacent to the edge on each face were selected to be of nonuniform widths in a manner described in the previous section. A supplementary test element of width 1/20 wavelengths was situated on each face approximately 5-1/4 wavelengths from the edge.
The results are shown in Figs 
sin e(')% + sin 4ci) sin e(')? + cos e(')&).
The first results presented are those for a perfectly conducting wedge for an incidence direction of #') = 165", e(') = 90" and for E-polarization (i.e., for the incident Efield coplanar with the edge). Fig. 3(a) shows the electric current z-component magnitude (the p-component is zero). The solid line in the figure is the exact solution, obtained by using the development in [ l , ch. 31 for the fields and (1 1) for the currents, whereas the dotted line with the symbols (which virtually overlaps the exact curve) gives the numerical result. The solution is seen to track the discontinuity at the edge quite well. Fig. 3(b) shows the difference in phase between the exact and numerical solutions. It can be seen that this difference is only a fraction of a degree except very close to the edge. Although the plots are omitted here, the results for H-polarization, a case given as an example in [6], yielded similarly good agreement between the exact and the numerical solutions except for greater phase error very close to the edge. Fig. 4 shows the results for a-wedge with an upper face scalar impedance of 0.5q0 (i.e., ;Sv = OS(%,%, + 22) from (2)), a perfectly conducting lower face, and for skew incidence with +(') = 180", e(') = 60". The exact results were obtained by utilizing the work in [4] to find the fields (after correcting a number of typographical errors which appear in that paper) and then using (11) to obtain the current. Fig.  4 (a) shows the result for H-polarization while Fig. 4(b) shows the result for E-polarization. In the latter case it is seen that the z-component of the electric current tends to zero at the edge on the upper face, in contrast to the perfectly conducting case where this current is found to diverge. This is physically reasonable since otherwise the equivalent magnetic current on the upper face, which is normal to the edge, would be discontinuous at the edge (since it must vanish identically on the lower face), producing a nonphysical equivalent magnetic line charge. Fig. 5 shows the results corresponding to those of Fig. 4 when the lower face is characterized by the scalar impedance O.lqo (the upper face is still has a scalar impedance of 0 . 5~)~) .
The solid curves in the figure show the numerical result; no exact solution yet exists for this problem for skew incidence. As in the preceding figures, the horizontal dashed curves, to which the solid curves are asymptotic, are the physical optics currents.
Finally, Fig. 6 presents the results for the case when the upper wedge face has an-anisotropic coating characterized by the impedance tensor ij, = Figs. 6(c) and 6(d) show the magnetic currents associated with the electric currents in Figs. 6(a) and 6(b), respectively. These magnetic currents are readily obtained from the electric currents by means of (15).
CONCLUSION
A hybrid moment method/physical optics solution was developed for the currents induced by incident plane waves on infinite two-dimensional wedges with faces characterized by impedance tensors (which can be anisotropic). This numerical solution has been found to give quite accurate results for cases for which exact solutions are known. Although the present numerical solution is limited to impedances which do not support guided wave modes, the extension to impedances which do support such modes appears straightforward. The technique could prove to be quite useful in predicting the radar cross section of many objects with coated edges for which no analytical solution, either exact or asymptotic, yet exists.
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